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G-Type Wave Propagation in an Initially Stressed Fluid Saturated 
Viscoporoelastic Layer Lying over Heterogeneous Poroelastic 

Half Space
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Abstract⎯G-type waves in an initially stressed poroelastic semi-infinite solid consists of a layer lying
on a half space are investigated in the framework of Biot’s theory of isotropic poroelasticity with some
variants. Dispersion equation is obtained on solving the resultant Hill’s differential equation with the
aid of Laplace transform by the Valeev’s method. Numerical examples for phase velocity, group veloc-
ity, angular frequency, and attenuation are presented graphically as a function of wavenumber for var-
ious values of viscosity, initial stress, and heterogeneity parameter. Some particular cases are dis-
cussed.

Keywords: G-type wave, viscoporoelastic layer, poroelastic half space, phase velocity, group velocity,
angular frequency, attenuation, wavenumber
DOI: 10.3103/S0025654422010150

1. INTRODUCTION
Study of wave propagation in viscoporoelastic structures is useful in the domains such as Rock

Mechanics, Geophysics, and Civil Engineering, particularly, in Structural Engineering. An earthquake
generates two types of waves namely body waves and surface waves. Sato [1] studied surface waves, VI gen-
eration of Love, and other types of SH waves. The G type waves are horizontally polarized surface waves
of shear type, named after Gutenberg [2, 3], who established the existence of a low velocity layer in the
Earth mantle. The G-type waves propagate with the group velocity about 4.4 km/s [4–6]. Ewing et al. [7]
documented the works on elastic waves in layered media. The G-type wave is an exceptional type of the
Love wave, its duration is more, and speed is high when compared with that of the Love wave. Several
researchers have investigated G-type waves, some works are cited here as follows. Bath studied shadow
zones, travel times, and the energies of longitudinal seismic waves in presence of an asthenosphere low-
velocity layer [8]. The G-type wave resulted in the earthquake in 1960 is studied with regard to absorption
and velocity [9]. Generation and propagation of G-type waves of the Niigata earthquake in 1964 are dis-
cussed [10]. In the paper [10], earthquake moment, released energy, and stress-strain drop from the
G-type wave spectrum are estimated. Notable works of G-type waves can be seen in the papers [11–14].
In these papers, propagation of G-type waves is investigated using the Valeev’s method [15].Vardoulakis
et al. [16] discussed SH waves in a homogeneous gradient-elastic half-space with surface energy. Propa-
gation of Love waves in a transversely isotropic f luid-saturated porous layered half-spaces studied by
Wang et al. [17]. It is observed that there are significant effects of gravity, porosity, and anisotropy on the
wave characteristics [18]. Gupta et al. studied the propagation of Love waves in a non-homogeneous sub-
stratum over an initially stressed heterogeneous half-space [19]. The Love waves in fiber-reinforced layer
over a porous half-space are investigated by Chattaraj and Samal [20]. Kundu et al. studied the propaga-
tion of G-type waves in a heterogeneous layer lying over an initial stressed half space [21]. In the paper
[21], it is confirmed that an initial stress, and an inhomogeneity parameter have effect on the propagation.
Xu et al. [22] discussed G-type dispersion equation under suppressed rigid boundary by analytic
approach. In the paper [23], it is concluded that an initial stress and heterogeneity have significant effect
on dispersion of G- type waves. The Earth is porous and magnetic in nature, because of mineral deposits
in it. In this context, shear wave propagation in magneto poroelastic medium sandwiched between self-
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reinforced poroelastic medium and poroelastic half space is studied in the framework of Biot’s theory of
poroelasticity [24, 25]. From the paper [24], it is clear that heterogeneity parameter, inhomogeneity
parameter, and reinforcement parameter have significant influence on the wave characteristics. In the
above mentioned papers, authors have not considered viscosity, an initial stress, and heterogeneity all at
a time which may not be realistic. Hence, in this paper, all the above are taken into the account in the
framework of Biot’s theory. Particular cases are investigated numerically. The results are compared with
that of the earlier papers.

The rest of the paper is organized as follows. In Section 2, constitutive equations, formulation, and the
solution of the problem are presented. In Section 3, boundary conditions and frequency equation are pre-
sented. Particular cases are discussed in Section 4. Numerical results are discussed in Section 5. Finally,
conclusion is given in Section 6.

2. CONSTITUTIVE EQUATIONS, FORMULATION AND SOLUTION OF THE PROBLEM
Equations of motion for isotropic poroelastic medium in absence of dissipation are [25]

(2.1)

In Eq. (2.1), u = (u, , w) and U = (U, V, W) are displacement vectors of solid and fluid, respectively,
e and ε are the dilatations of solid and fluid respectively,  and  are all poroelastic con-
stants.  and ρ22 are mass coefficients, and t is time. The solid stresses  and fluid pressure  are
given by [25]

(2.2)

In Eq. (2.2),  is well-known Kronecker delta function. Consider a viscoporoelastic layer of thickness
 under initial stress  (say) lying over heterogeneous poroelastic half space under initial stress  (say).

Both the layer and half space are semi-infinite as shown in the Fig. 1. This set up is quite possible in the
structure of Earth. The interface is at , and the upper layer is bounded by the plane , the x-
axis is parallel to the layer in the direction of propagation. The positive z-axis is oriented vertically down-
wards. From the figure, it is clear that upper viscoporoelastic layer and heterogeneous poroelastic half
space occupy the region , , respectively. In the following sub sections, the wave
propagation is considered individually in the layer and half space.

2.1. Wave Propagation in Upper Viscous Isotropic Poroelastic Initially Stressed Layer
Consider horizontally polarized surface wave is of a shear type in the layer. Then the displacement

components here are   Because of variation in vis-
cosity and presence of initial stress, the equations of motion (1) for the layer [23, 25] take the following
form:

(2.3)

In Eq. (2.3), N1 is the shear modulus of the solid,  is the viscosity of f luid. Eq. (2.3) can also be writ-
ten as

(2.4)

For the G-type wave, the displacement component  is assumed as

(2.5)
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In Eq. (2.5), k is complex wavenumber, c is phase velocity. Substituting Eq. (2.5) in Eq. (2.4), and solv-
ing the resultant differential equation, one obtains the following solution:

(2.6)

where, , and c1, c2 are arbitrary constants.

2.2. Wave Propagation in Lower Heterogeneous Poroelastic Half Space under Initial Stress

For the same reason mentioned in the subsection 2.1, the displacement components here are
 Because of nature of the half space, there are the

variants in stress terms, and consequently, the equations of motion take the form [23, 25]:

(2.7)

In Eq. (2.7), because of heterogeneity with respect to axis, shear modulus N2 and densities, are, writ-

ten as     here  is a small positive con-
stant, α is real depth parameter, and  stands for the quantities in the half space. Then, Eq. (2.7) can be
written as

(2.8)

In Eq. (2.8), .

For the G-wave propagation, the displacement component  is assumed as

(2.9)

From Eqs. (2.8) and (2.9), the following differential equation is obtained:
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(2.10)

Equation (2.10) is well known form of the Hill’s differential equation which can be solved by the
Valeev’s method [15] with the aid of Laplace transform with respect to the variable z. On multiplying

Eq. (2.10) both sides by , and then integrating with respect to  form 0 to  one obtains

(2.11)

The Laplace Transform of  is (Say). Applying Laplace transform to Eq. (2.11),

one obtains

(2.12)

where ,  and . The function  is

determined as follows: Replacing s by , and then dividing throughout Eq. (2.12) by (iαm)n,

, the following system of linear algebraic equations in the quantities , 
is obtained:

(2.13)

for m = 0, Eq. (2.13) is reduced to Eq. (2.12) on assuming  = 1. Solving Eq. (2.13), one obtains 

as the ratio of two determinants, and is given by , where
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Neglecting ε2 and higher order terms in  as ε is very small, one obtains

Neglecting  and higher order terms in , one obtains

Then

The factor  is given by

(2.14)

where  and  are the residues at the poles , respectively. The residue  at

the pole  is given by

(2.15)

Similarly, the residues at  are respectively, given by

(2.16)

(2.17)

where .

From the Eqs. (2.15)–(2.17), it is clear that the conditions for large amount of energy near the surface
are [13]
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3. BOUNDARY CONDITIONS AND FREQUENCY EQUATION

The boundary conditions are assumed as follows:

(i) Displacements are continuous at the interface , that is 

(ii) Stresses are continuous at  i.e.  (3.1)

(iii) The upper surface is stress free i.e. at z = –H, that is  = 0.

From the energy conditions Eqs. (2.18), (2.19), and boundary conditions Eq. (3.1), one obtains

(3.2)

where  is the shear wave velocity for upper layer, and  is the shear wave velocity for

lower half space. Equating real parts on both sides of Eq. (3.2), one obtains

(3.3)

In Eq. (3.3),

Equation (3.3) is the dispersion equation for G-type wave propagation in viscoporoelastic layer under
initial stress lying over heterogeneous poroelastic half space under initial stress. Similarly, comparing
imaginary parts on both the sides of Eq. (3.2), one obtains

(3.4)

From Eq. (2.20), one obtains
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4. PARTICULAR CASES

Case (i). Under the conditions      = ρ2,

Eq. (3.3) represents the dispersion equation for the propagation of G-type wave in a viscoelastic layer lying
over a heterogeneous elastic half space under an initial stress [23].

Case (ii).When  = 0, eq. (23) reduces to

(4.1)

In Eq. (4.1),  .

Equation (4.1) represents the dispersion equation for the G-type wave in an initially stressed poroelas-
tic layer lying over a heterogeneous poroelastic half space, both are non-viscous.

Case (iii).When  = 0, , Eq. (3.3) reduces to

(4.2)

Equation (4.2) represents the dispersion equation for the propagation of the G-type wave in an initially
stressed elastic layer lying over a heterogeneous elastic half space, both are non-viscous.

Case (iv). Under the conditions of case (iii), and when , Eq. (4.2) reduces to

(4.3)

Equation (4.3) represents the dispersion equation of Love waves in a homogeneous layer over a homo-

geneous half-space with , where  [7].

5. NUMERICAL RESULTS

For numerical work, the sandstone layer saturated with water (say Mat-I) [26] lying over the sandstone
half space saturated with kerosene (say Mat-II) [27] is considered. This kind of solid composition physi-
cally exists at the sea shore consists of oil reserves. The parameter values of these two poroelastic solids are
given in the Table 1.

Employing these values in the frequency equations, the implicit relation between the wave character-
istics is obtained. The wave characteristics phase velocity, angular frequency, group velocity, and attenu-

ation coefficient are computed against wavenumber. The attenuation  is computed by using the fol-
lowing Eq. [28].
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The quantity  is taken as 2.02 arbitrarily. The values are computed using bisection method imple-

mented in MATLAB, and the results are depicted in Figs. 2–6. Figure 2a depicts the variation of phase

velocity  against wavenumber kH. Curves are plotted for different values of heterogeneous parameter ε,

and for fixed values of initial stresses  and . From this figure, it is clear that as wavenumber
increases phase velocity decreases. As heterogeneous parameter increases, phase velocity, in general,
decreases. Also, comparison is made between the viscoporoelastic solid and the pertinent non viscous
elastic solid. In this case, phase velocity decreases in the case of elastic solid, whereas, the trend is reversed
in poroelastic case. Moreover, as wavenumber increases, phase velocity values are higher in viscoporoelas-

tic case than that of elastic case. Figure 2b depicts the variation of phase velocity  against the wavenum-

ber kH. Curves are plotted for different values of initial stresses ,  and for fixed values of het-
erogeneous parameter .

From Fig. 2b, it is observed that as wavenumber increases, phase velocity increases. As initial stress

increases, phase velocity, in general, decreases. Figure 3 displays the influence of initial stress  on
phase velocity for different values of  in absence of initial stress.

From Fig. 3, it is clear that phase velocity decreases with increase of heterogeneous parameter  as in
the paper [23].

Figure 4a is pertaining to the results of angular frequency against wavenumber. Curves are plotted for
different values of heterogeneous parameter ε, and for fixed initial stress. From this figure, it is clear that
as wavenumber increases angular frequency diminishes, and increases with heterogeneity. Figure 4b
depicts the variation of angular frequency against wavenumber for different values of initial stresses, and
for fixed heterogeneous parameter ε.

From Fig. 4b, it is clear that angular frequency diminishes as wavenumber increases, and increases as
initial stress increases. Figure 5 shows variation of group velocity against wavenumber for different values
of depth parameter .
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Table 1. Poroelastic solid parameters

Mat-I N1 ρ11 ρ12 ρ22

0

Mat-II N2

0

1
'N

−× 12
2.8 10

−× 10
2.76 10

−× 8
18.6620 10

−× 9
22.1630 10

2
'N ρ11* ρ12* ρ22*

−× 10
9.22 10

−× 8
18.8876 10

−− × 11
19.6133 10

−× 9
21.0842 10

Fig. 2. (a) Variation of the phase velocity against wavenumber kH in viscoporoelastic case and elastic case. (b) Variation

of the phase velocity against wavenumber kH for different values of P1/2N1 and P2/2N2.
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From Fig. 5, it is clear that group velocity increases with wavenumber, and decreases with depth
parameter which is a natural phenomenon for surface waves. Finally, in Fig. 6, curves are plotted for atten-
uation coefficient as a function of wavenumber.

Fig. 3. Variation of the phase velocity against wavenumber kH for different values of heterogeneous parameter in absence

of initial stress P1 (layer and half space are elastic i.e. Ref [23]).
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Fig. 4. (a) Variation of the angular frequency against wavenumber kH for different values of heterogeneous parameter ε.

(b) Variation of the angular frequency against wavenumber kH for different values of initial stresses P1/2N1 and P2/2N2.
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From Fig. 6, it is clear that as attenuation coefficient decreases with increase of wavenumber and het-
erogeneous parameter. For the validation purpose, the following substitutions are made as in [23]

, and the pertinent results are incorporated in Fig. 7.

From Fig. 7, it is seen that the phase velocity  decreases with increase of wave number kH and the

initial stress . All the results are in agreement and the trend is similar to that of Fig. 4 of [23].

6. CONCLUSIONS

The G-type wave propagation in an initially stressed viscoporoelastic layer lying over a heterogeneous
initially stressed poroelastic half space is investigated. The solution in the case of upper layer is obtained
in a usual way, whereas, for lower heterogeneous poroelastic half space, the resultant Hill’s differential
equation is solved by using Valeev’s method with the aid of Laplace transform technique. From the
numerical results, it is clear that as wavenumber increases, both phase velocity and group velocity
increase, whereas, angular frequency and attenuation decrease for all the cases. It is seen that initial
stresses, heterogeneous parameter, and depth parameter have influence on the wave characteristics.
Above studies are useful for investigating the seismic waves of long period during earthquakes.
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Abstract: In this paper, SH-wave propagation in an initially stressed triclinic layer welded between
two half-spaces is investigated. The upper half-space is considered to be transversely isotropic and
elastic, while the lower one is heterogeneous, isotropic, and poroelastic. In the case of the lower
half-space, the problem is reduced to the Whittaker differential equation. Frequency equations are
derived for the layer as a whole and half-spaces. It is found that the phase velocity is strongly
influenced by the initial stress, porosity, and heterogeneity.
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INTRODUCTION

The Earth’s interior is not homogeneous and consists of layers of different types of material properties due to
different thermal conditions. Most of the information on the interior of the Earth and the cause of earthquakes are
obtained from studies of seismic body waves of dilatational and shear type (P-waves and SH-waves, respectively).
Dilatational waves cause a change in the volume of the material elements in the body, while shear waves produce
a change in the shape of the material elements. The study of the horizontally polarized SH-wave is of consider-
able interest in the field of seismology, civil engineering, rock mechanics, and geophysics. SH-wave dispersion in
elastic solids was studied by many researchers. Ewing et al. [1] documented the works on propagation of seismic
waves. Bhattacharya [2] obtained an exact solution of the SH-wave equation for inhomogeneous media. Keith
and Crampin [3] discussed seismic body waves in anisotropic layers. Payton [4] studied elastic wave propagation in
transversely isotropic media. Notable progress in this domain was achieved in [5–9], where dispersion, reflection, and
refraction of waves in triclinic and monoclinic crustal layers in the presence of irregularity, viscosity, and corrugated
boundary were discussed. The Fourier transform technique, finite difference method, and Green’s function approach
were employed to study SH-wave propagation [10–12]. In [13–15], the authors discussed the effects of heterogeneity,
viscosity, and sandy parameter on the process of SH-wave propagation. Parvez et al. [16] studied SH-wave disper-
sion in an irregular magneto-elastic anisotropic crustal layer over an irregular heterogeneous half-space. SH-wave
propagation in a sandwiched medium between two elastic half-spaces and two anisotropic layers in the presence
of a corrugated boundary, viscosity, material heterogeneity, and gravity was studied in [17, 18]. Scattering and
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dynamics of seismic waves in a triclinic medium were studied in [19–20]. On the other hand, SH-wave propagation
in poroelastic solids in the framework of Biot’s theory [21, 22] was investigated by many researchers. Chattopad-
hyay et al. [23] studied SH-waves in a porous layer of nonuniform thickness. Sahu et al. [24] discussed SH-wave
propagation in a poroelastic sandwiched medium between two elastic half-spaces. Balu et al. [25] studied shear wave
propagation in a magneto-poroelastic dissipative isotropic medium sandwiched between two poroelastic half-spaces.
Recently, Sindhuja et al. [26] studied shear wave propagation in a magneto-poroelastic medium sandwiched between
a self-reinforced poroelastic medium and a poroelastic half-space.

Beneath the Earth’s surface, porous layers are naturally abundant. In general, the pores contain hydrocarbon
deposits such as gas and oil. The body wave behaviors in anisotropic and isotropic media are fundamentally different.
The study of SH-waves in a triclinic medium between semi-infinite transversely isotropic and poroelastic half-spaces
is important for geophysical problems, and its results can be used to solve problems in exploration of hydrocarbons,
mining crystals, and metals inside the Earth.

Motivated by the aforementioned facts, we studied SH-wave propagation in a triclinic medium sandwiched
between a transversely isotropic half-space and an initially stressed inhomogeneous poroelastic half-space.

1. FORMULATION AND SOLUTION OF THE PROBLEM

Consider the propagation of an SH-wave in a triclinic layer under an initial stress P1 welded between two half-
spaces. The upper one is transversely isotropic and elastic, while the lower half-space is heterogeneous, poroelastic,
and subjected to an initial stress P2 (Fig. 1). This configuration is fairly possible in the Earth’s structure.
A three-dimensional coordinate system with the origin at the interface of the triclinic layer and the lower half-space
is considered. The x axis is parallel to the layer in the direction of wave propagation, and the z axis is oriented
vertically downwards. The thickness of the triclinic layer is H (−H < z < 0). The z coordinate varies in the interval
−∞ < z < −H in the upper half-space and in the interval z > 0 in the lower porous half-space.

(syz)1=(syz)2, v1=v2

z=0

z=_H

(syz)2=(syz)3, v2=v3

P2

P1

P2

P1

x

H

z

0

1

2

3

Fig. 1. Geometry of the problem: (1) transversely isotropic half-space; (2) triclinic layer; (3)
heterogeneous poroelastic half-space.
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1.1. Wave Propagation in the Transversely Isotropic Elastic Upper Half-Space (−∞ < z < −H)

Consider a horizontally polarized shear wave in the upper half-space propagating in the x direction with
displacement in the y direction. Then the displacement components are

u1 = w1 = 0, v1 = v1(x, z, t).

The well-known wave equation has the form [22]

N1
∂2v1

∂x2
+ L1

∂2v1

∂z2
= ρ1

∂2v1

∂t2
, (1.1)

where N1 and L1 are the rigidities in the x and z directions, respectively, and ρ1 is the density parameter.
For the SH-type wave, the displacement component v1 can be written as

v1(x, z, t) = f1(z) ei(kx−wt), (1.2)

where k is the wavenumber, w = ck is the angular frequency, c is the phase velocity, and f1(z) is the amplitude.
Substituting Eq. (1.2) into Eq. (1.1) and solving the resultant differential equation, one obtains the amplitude

f1(z) = A1 eS1z + A2 e−S1z

(S1 =
√

N1/L1 − c2/β2
1 k, β1 =

√
L1/ρ1 is the shear wave velocity in the upper half-space, and A1 and A2 are

arbitrary constants). As the condition f1(z) → 0 has to be satisfied as z → −∞, then

v1(x, z, t) = A1 eS1z ei(kx−wt) . (1.3)

1.2. Wave Propagation in the Triclinic Layer (−H < z < 0)

Let u2, v2, and w2 be the displacement vector components in the triclinic layer in the x, y, and z directions,
respectively. The stress-strain relations for the anisotropic triclinic layer are written as

σi =
6∑

j=1

Cijej , i = 1, 2, . . . , 6,

where σi and ei (i = 1, 2, . . . , 6) are the stress and strain components,

Cij = Cji, σ1 = σxx, σ2 = σyy, σ3 = σzz, σ4 = σyz = σzy,

σ5 = σxz = σzx, σ6 = σxy = σyx,

e1 = exx, e2 = eyy, e3 = ezz, e4 = eyz = ezy, e5 = exz = ezx, e6 = exy = eyx,
(1.4)

2exy =
∂u2

∂y
+

∂v2

∂x
, 2eyz =

∂v2

∂z
+

∂w2

∂y
, 2ezx =

∂w2

∂x
+

∂u2

∂y
.

For SH-waves propagating in the x direction with displacement in the y direction, the expressions for the dis-
placement vector components are

u2 = w2 = 0, v2 = v2(x, z, t). (1.5)

It follows from Eqs. (1.4) and (1.5) that

σ1 = σ2 = σ3 = σ5 = 0.

The equation of motion in the triclinic layer under the initial stress P1 in the absence of body forces has the following
form [2]:

∂ (σ6)
∂x

+
∂ (σ4)

∂z
− P1

2
∂2v2

∂x2
= ρ2

∂2v2

∂t2
. (1.6)
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It follows from Eqs. (1.4) and (1.6) that(
C66 −

P1

2

)∂2v2

∂x2
+ 2C46

∂2v2

∂x ∂z
+ C44

∂2v2

∂z2
= ρ2

∂2v2

∂t2
, (1.7)

where ρ2 is the density of the triclinic layer material, and C44, C46, and C66 are the elastic constants of the triclinic
layer material.

The solution of Eq. (1.7) can be written as

v2(x, z, t) = f2(z) ei(kx−wt) . (1.8)

Substituting Eq. (1.8) into Eq. (1.7), one obtains

f2(z) = e−az/2 (A3 cos qz + A4 sin qz).

Thus, the displacement of the SH-wave in the triclinic layer is

v2(x, z, t) = e−az/2 (A3 cos qz + A4 sin qz) ei(kx−wt), (1.9)

where q =
√

b2 − a2/4, a = 2ikC46/C44, b =
√

P1/(2C44) − C66/C44 + c2/β2
2 k, β2 =

√
C44/ρ2 is the shear wave

velocity in the triclinic layer, and A3 and A4 are arbitrary constants.

1.3. Wave Propagation in the Lower Heterogeneous Isotropic Poroelastic Half-Space (z > 0)

Let u3, v3, w3 and U3, V3,W3 be the components of the displacement vector in the solid and fluid, respectively.
Then the components of the displacement vector in the y direction in the SH-wave propagating in the x direction
can be written as

u3 = w3 = 0, v3 = v3(x, z, t), U3 = W3 = 0, V3 = V3(x, z, t).

The equations of motion for the lower poroelastic half-space under the initial stress P2 have the following
form [21, 22]:

∂

∂x

(
N∗

3

∂v3

∂x

)
+

∂

∂z

(
N∗

3

∂v3

∂z

)
− P ∗

2

2
∂2v3

∂x2
= ρ∗11

∂2v3

∂t2
+ ρ∗12

∂2V3

∂t2
,

ρ∗12
∂2v3

∂t2
+ ρ∗22

∂2V3

∂t2
= 0,

(1.10)

In these equations,

N∗
3 = N3(1 + αz), ρ∗11 = ρ11(1 + αz), ρ∗12 = ρ12(1 + αz),

ρ∗22 = ρ22(1 + αz), P ∗
2 = P2(1 + αz),

(1.11)

N3 is the shear modulus, ρ11, ρ12, and ρ22 are the mass coefficients, and α is the constant with the dimension
of inverse length.

It follows from Eqs. (1.10) and (1.11) that

N3(1 + αz)
∂2v3

∂x2
+ N3α

∂v3

∂z
+ N3(1 + αz)

∂2v3

∂z2
− P2

2
(1 + αz)

∂2v3

∂x2
= d1(1 + αz)

∂2v3

∂t2
, (1.12)

where d1 = ρ11 − ρ2
12/ρ22.

For SH-waves, the solution of Eq. (1.12) can be written as

v3(x, z, t) = f3(z) ei(kx−wt) . (1.13)

Equations (1.12) and (1.13) yield the following equation for the function f3(z):

d3f3(z)
dz2

+
α

1 + αz

df3(z)
dz

− k2
(
1 − P2

2N3
− c2

β2
3

)
f3(z) = 0 (1.14)

(β3 =
√

N3/d1 is the shear wave velocity in the lower poroelastic half-space). Using the dimensionless parameters
γ11 = ρ11/ρ, γ12 = ρ12/ρ, and γ22 = ρ22/ρ [21], one can write the expression for β3

β3 =
√

N3/d1 = β0

√
1/d,

where β0 =
√

N3/ρ, ρ = ρ11 + 2ρ12 + ρ22, and d = γ11 − γ2
12/γ22 is the porosity parameter.
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Thus, the following variations of d are possible:
(1) if the lower half-space is a non-porous solid, then d → 1;
(2) if the lower half-space is a fluid, then d → 0;.
(3) is the lower half-space is a poroelastic medium, then 0 < d < 1.
After the replacement f3(z) = ϕ(z)/

√
1 + αz, Eq. (1.14) takes the form

ϕ′′(z) +
[ α2

4(1 + αz)2
− k2

(
1 − P2

2N3
− c2d

β2
0

)]
ϕ(z) = 0. (1.15)

Introducing a new independent variable η = 2Fk(1 + αz)/α in Eq. (1.15), we obtain

d2ϕ(η)
dη2

+
( 1

4η2
+

R

η
− 1

4

)
ϕ(η) = 0, (1.16)

where

R =
k

2Fα

( c2

β2
3

− 1 +
P2

2N3
+ F 2

)
, F =

√
1 − P2

2N3
− c2d

β2
0

.

Equation (1.16) is the well-known Whittaker differential equation [27] whose solution is

ϕ(η) = A5W(R,0)(η) + A6W(−R,0)(η)

(A5 and A6 are arbitrary constants; W(R,0)(η) and W(−R,0)(η) are the Whittaker functions).
As the displacement vanishes as z → ∞, then

ϕ(η) = A5W(R,0)(η).

Therefore, we have

f3(z) =
ϕ(η)√
1 + αz

=
A5W(R,0)(η)
√

1 + αz
;

v3(x, z, t) =
A5W(R,0)(η)
√

1 + αz
ei(kx−wt) . (1.17)

2. BOUNDARY CONDITIONS AND FREQUENCY EQUATION

The interface boundary conditions are formulated as follows.
1) At z = −H, the displacements are continuous, i.e., v1 = v2, and the stresses are also continuous, i.e.,

(σyz)1 = (σyz)2; therefore,

L1

(∂v1

∂z

)∣∣∣
z=−H

= C44

(∂v2

∂z

)∣∣∣
z=−H

; (2.1)

2) At z = 0, the displacements are continuous, i.e., v2 = v3, and the stresses are also continuous, i.e.,
(σyz)2 = (σyz)3; therefore,

C44

(∂v2

∂z

)∣∣∣
z=0

= N3(1 + αz)
(∂v3

∂z

)∣∣∣
z=0

. (2.2)

Substituting Eqs. (1.3), (1.9), and (1.17) into Eqs. (2.1)–(2.2) and expanding the Whittaker function and its
derivative up to the linear term, we obtain four equations for four unknown constants Ai (i = 1, 2, 3, 4). The con-
dition of existence of the nontrivial solution of this system yields the relation

tan (qH) =
qC44(L1S1X1 − N3X2)

X1C2
44b

2 + C46X1k2 + N3X2S1L1
, (2.3)

where

X1 = e−Fk/α
( α

8FK
− 1

)
, X2 =

−X1(1 + α)
2

− e−Fk/α α2

16F 2k2
.

Relation (2.3) is the frequency equation for the SH-wave in the triclinic layer.
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Consider particular cases of the frequency equation.
Case 1: If N1 = L1 (i.e., the upper half-space is isotropic and elastic), P2 = 0, d → 1, and α = 0, (i.e., the

lower half-space is homogeneous, stress-free, isotropic, and elastic), Eq. (2.3) takes the form

tan (qkH) =
C44q(N1S1 + N3Fk)

C2
44b

2 + C46k2 − N1N3S1Fk
. (2.4)

Case 2. If, in addition to the conditions of Case 1, S1 = 0 (i.e., there is no upper half space), then the
frequency equation (2.4) reduces to

tan
(√

P1

2C44
+

c2

β2
2

+
C2

46

C2
44

− C66

C44
kH

)
=

N3C44

√
P1/(2C44) + c2/β2

2 + C2
46/C2

44 − C66/C44

√
1 − c2/β2

3

C2
44(P1/(2C44) + c2/β2

2 − C66/C44) + C46
. (2.5)

Equation (2.5) represents the dispersion equation for the SH-wave in the initially stressed triclinic layer lying
over a homogeneous elastic half-space.

Case 3: If, in addition to the conditions of Case 2, P1 = 0, C46 = 0, and C44 = C66 = N2, then Eq. (2.5)
reduces to

tan
[( c2

β2
2

− 1
)1/2

kH
]

=
N3

N2

(1 − c2/β2
3)1/2

(c2/β2
2 − 1)1/2

. (2.6)

Here β2 < c < β3, β2 =
√

N2/ρ2, and β3 =
√

N3/ρ11.
Equation (2.6) represents the frequency equation of the classical Love wave in a homogeneous layer lying

over a homogeneous half-space [1].

3. NUMERICAL RESULTS

The phase velocity against the wave number is computed numerically by using the bisection method im-
plemented in the MATLAB software, and the results are depicted in Figs. 2–5. The numerical calculations are
performed with the following data: N1 = 6.7 · 1010 N/m2, L1 = 3.96 · 1010 N/m2, and ρ1 = 7140 kg/m3 [4] for
the upper transversely isotropic half-space (zinc); C44 = 5.64 · 109 N/m2, C46 = 0, C66 = 6.912 · 109 N/m2, and
ρ2 = 2400 kg/m3 [8] for the triclinic layer (Vosges Sandstone); N3 = 0.922 · 1010 N/m2, ρ11 = 1.9032 · 103 kg/m3,
ρ12 = 0, and ρ22 = 0.268 · 103 kg/m3 [25] for the lower anisotropic poroelastic half-space (sandstone saturated with
water); the remaining parameter values are P1/(2C44) = 0.75, P2/(2N3) = 0.2, d = 0.2, and αH = 15.

Figure 2 illustrates the effect of the initial stress P1/(2C44) of the triclinic layer on the phase velocity c2/β2

as a function of the wave number kH. It is noticed that the phase velocity decreases with an increase in the initial
stress and wave number.

kH

c/b2

2.512.50 2.582.572.562.552.542.532.52
1.35

1.36

1.37

1.38

1.39

1.40

1

2

3

Fig. 2. Phase velocity versus the wave number for different values of the initial stress P1/(2C44)
in the triclinic layer: P1/(2C44) = 0.71 (1), 0.73 (2), and 0.75 (3).
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Fig. 3. Phase velocity versus the wave number for different values of the stress P2/(2N3) in the
lower half-space: P2/(2N3) = 0.16 (1), 0.20 (2), and 0.24 (3).
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Fig. 4. Phase velocity versus the wave number for the SH-waves for different values of porosity d:
d = 0.15 (1), 0.20 (2), and 0.25 (3).

Figure 3 shows the effect of the initial stress P2/(2N3) of the lower half-space on the phase velocity as a
function of the wave number. It can be seen from Fig. 3 that the phase velocity decreases as the initial stress
increases.

The effect of the porosity parameter d on dispersion of the SH-wave is shown in Fig. 4. It is observed that
the phase velocity diminishes with an increment in the porosity parameter.

Figure 5 displays the effect of the heterogeneity parameter αH on the phase velocity as a function of the wave
number. It is seen from Fig. 5 that the phase velocity decreases with an increase in the heterogeneity parameter αH.

CONCLUSIONS

SH-wave propagation in an initially stressed triclinic layer sandwiched between a transversely isotropic elastic
half space and a heterogeneous poroelastic half-space is studied. The solutions for the displacements in the layer
and half-spaces are obtained separately in closed form. For the heterogeneous poroelastic half-space, the solution is
expressed as the Whittaker function. Significant effects of the initial stress, porosity, and inhomogeneity of individual
media are detected. The following results are the outcomes of this study. The phase velocity in general decreases
with an increase in the dimensionless wave number in all cases. In the case with initial stresses, the phase velocity
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Fig. 5. Phase velocity versus the wave number for different values of the heterogeneity parameter
αH: αH = 15.0 (1), 15.5 (2), and 16.0 (3).

decreases as the heterogeneity parameter increases and increases as the porosity increases. If the upper half-space,
initial stress, and heterogeneity are removed, the dispersion relation coincides with that of the classical Love waves.

The results obtained in the study can help in modeling the exploration of natural resources, mining crystals,
and minerals inside the Earth.
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